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AM rmt. Iht Ilm norw  for  u sysfettj  wi{h  jle.rih!c  s!ritcmrrl
propct-iies  is u jjftjclirw  of i(s krrgiw ll(itiel  5i/lgukdr \,vIluc,

‘1’hc computalicrn of lhc 1/0 nom o f  a  l i near  syslcm is a
co}ljl]lll:iliollally  intensive search process [1 -3], slrwifically  in
Ik case of flcxilk syslcms. Th i s  papci ijlcsurls  a rfilcct w a y
to dctcrniinc Ihc IIm nom  for flck IIIlc s[rll~turcs which avoids
ilcra lions.

I II Ibis paper a llcxilk SIIUGIUIC is rtcflned  as a
conlrollatk  and okrvatrlc l inear syslm with dislinct cornplcx
conju~ik  pairs of poles (N poles, N is even), and with small
ncgallvc rea l  parls of (k p o l e s . I n  lIIC hioorc tralanccd
coordinates [4] it consists of )1= N/2 components [5, 6], and
each conlprmnl  consists of IWO slates. 1 c1 (A,li,  C) Ix a slatc-
space triple of a  I_tcxiblc  struclure, a n d  (;= C($I-A)  ‘H ils
trmsfcr  fanc(ion, wih Ihc I/Oj norm dcfinui  as follows

(1)

TIIC syskm  controllability and observability grammians W,
and W. arc Pcrsilivc-drfhitc  and satisfy the 1,yapunov equations

‘1’IIc syslcII~ rrprcscn[atioa  i s  ba lanced in  IIIC SCIISC of hloorc
( c f .  [4])  i f  its ccrntrollabilily  a n d  otrscrvahility ~rinmians
arc equal and diagonal

where zi>O is the i-lit  Ilantwl  siilgular  value of the syslc in, and
IIIC IIatkl s ingular values arc in the rkrcasing o r d e r ,
v,~z,,  l, i= 1,..., II-1.

lkllhrr, a n  approkiniale equalily trelwcm t w o  varial>lcs i s
uwd in [k fol lowing sense. Two var iables x and y arc
appro~lmalcly equal (wy)  if .x=-y+ c, ,and aCII/JIyII.X/. II is sllowr:,
scc [S, 6],  tlIal fo r  a  ba lanced flcx!blc systcm  (A, IJ, C) will)  n
c o m p o n e n t s  (o r  N=-211 slalcs), Ihc halanccd grmmian  has lhc
followinx  form

r~flicig(x,,  zl, r2,72,...,7nB7,bJ (4)

and Ihc makix A is almosl block-diagonal, with dominant 2x2
IIIOC,LS 011 IIIC nlain dia~onal

A dil!g  (A,), [ 1.<,0, .&),A,> r.,, -QJ, ‘ ‘z]’”””’” (5)

w h e r e  ~, is Ihc i-lb natural flequency of the struclurc, and ~,
is the  I III modal damping. Nole also that introducing 1:+(4)
and (5) to (2) gives

t~(A,  + A])x  B,M!E  - C! Ci (6)

and B,, C, arc i-itl  row and colunm of B and C, rcspcdivcly.

‘1’IIc I/m nom is cvirluated from (he Riccaii cquatiorr,  as shown
i n  [13], II i s  the Mnallcst posilivc paran]elcr  p ml that the
solution of  IIIC following  Ricctrti cquatirrn is Posi(ivc-dcfrrriic

AlS-l s’t -1 p Zswsi 0[:: o. (7)

I’rom Ibis definition il folkwfs  II]at:

I’roposifim Vor G b e i n g  a  Irdnsfer f u n c t i o n  of a fkxitde
Mrar’lm!  i n  IIIC stfile  space rcprescnl.ilion (A,  I;,  C), its  }/a
nrrrnl is as follows

(8)

where r, is lhc largcsl 1 lalikcl singular wrluc of llIc systcm.

hoof For a flexible sir uclurc: duc 10 propcrlics (4)(6) OIC
solution S of IIIC Ricc~(i Cqllatlon ~/) is dia~onalty dominan t ,
see [7)

S=diq(sl, $1, . . . . s,,, Sn) (9)

wllcrc s, is a solulioll  of It)c following cqualiorr

s,(A,  + A]) -i 4pi21J,}4  i Cl [:(<0, i= 1,..., N (10)

a n d  A,, B,, and C:, arc given in (S), IIltroducing  (6) to (10)
onc olmrim

s?(A, + A?)-s,p?g,;2(’1,  + A?)-a{(A, + A?)~O (11)
or

s? .s,/+  ;2 -1 ()?=O (12)

P,. J). 46;/p~ (131))

For pl=2j~ one obtains s~l)=- J~J= 2, and p,,= 2a~ is IIIC smllcsl
value of p, for which a POsilivc solul Ion $, cxisls, II is
indicalcd by the plots of s(I) and s!3 vs p, In l~ig, 1. “1’o
obtain S posi(ivc definite, a l l  s, musl be posili}w. ‘llIus  the
the Iargcst p  flolll Ik W {Pl, P2,..., P ,,} is the sn~alicsl o n c
for which S>0, IIlcrcfoic

o (14)

“1’hc  ploposilion slIows llI:il  llIc compuhlion o f  llIc tim nc}rlli
consists of a slandald procedure of col]lputing IIIC syskt~I }Iankl
sin~ular WIlucs, a n d  that tlIe largest  Iltinh! sitlgular v a l u e
dclerll~illcs  IIIC rcquimt  norlll.



Ktmipk. A  truss .sIr(lclurc  a s  i n  }~ig.2 is  invcsligakd, Ikrr
(h i s  struclurc I =7(J in., 1 = 100 in.; each Irrsss has a cmss-

/!scclirm area o 2 in. ~, e aslic m o d u l u s  o f  lfF lb/in.2, and
m a s s  density of  2 lh secVinz. Verlical conlrcrl forces are
applied at ncrdcs no] and na2, and the ouIpuI  raks  arc measured
in Ihc vcriictil dilcclion at nodes no] and )102. ‘NIC system has
2 6  slatrx (13 balarrccd componcnls), t w o  i n p u t s ,  a n d  two
oulpuls. 11s //W n o r m  i s  compnkd  Ihrcrugh ilcridirrns of  Riccali

equation (7), obtaining ~G~ = .l.5’4cX!152. II took 24 iterdtirrns  to.
oblain lhc required accuracy c = Jf)6,  as shown in Fig.3. The I/W

nurm is also oblaincd  from (8), and in [his case [G~m:- 1,340850,

wi[h Ihc samc accuracy c = 106.

III conclusion, the eslima{c  of the H@ norm (8) is ctrtaincd
wilhout costly  searching, with lhc cslimatirrn mm c l o s e  t o
llm mchinc  z~.ro,

_.. ——-

no 1 no2

}/ig.2. ‘1’russ slruclurc
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Trttlb  VAI  UE,  AND FROh4  EQ.(8)
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